














(a) alhy =5

(b) a/hy = 10

(c) alh;=15
Fig. 6.8 Sub-layer delamination buckling of bi-layer beams in numerical
simulation
Compared with the analytical solutions based on the three joint models (Table 6.1),
the results obtained from the numerical simulation match well with the ones calculated
based on the flexible joint model. As anticipated, the solution obtained based on the rigid

joint model gives the highest value since the boundary at the delamination tip is fully
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restrained (clamped), as assumed in the conventional composite beam theory; the results
obtained from the semi-rigid joint model are lower than those of rigid joint model but are
higher than the solution from the flexible joint model, since sub-layers at the
delamination tip are allowed to rotate while prohibiting the displacement along the
vertical and horizontal directions; finally, the results based on the flexible joint model
match best with the numerical simulation, since it is much closer to the real situation
compared to the other two joint models.

Table 6.1 Analytical and numerical simulation results of sub-layer delamination

buckling
Lo | D TR
Rigid Semi-rigid | Flexible
a/hy =5 0.9069 0.8338 0.7613 0.7596
P, a/hy =10 0.9750 0.9285 0.8741 0.8702
a/hy =15 0.9887 0.9569 0.9205 0.9093

Note: h] = 02, ]’lz = 2, E] = Ez =1

For a symmetric bi-layer beam, in which each sub-layer has the same geometry and
material properties (D, =D, =D, C,=C,=C, B,=B,=B, hy=h,=h, and £ =0),
the numerical simulation is conducted to validate the analytical results based on the three
joint models. A symmetric beam specimen with a symmetric delamination area at the
center line with the material properties of £y = E, =1, 0 =02=0.3, hy =h,=h=0.41is
analyzed. The delamination ratio (a/h) is chosen as 2.5 (Fig. 6.9), 5, and 7.5,
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respectively, and the results are listed in Table 6.2. The results obtained from numerical
simulation are a little bit lower than the ones calculated by the flexible joint model, but

still in an acceptable range.

Fig. 6.9 Symmetric delamination buckling in numerical simulation (a/h = 2.5)

Table 6.2 Analytical and numerical simulation results of symmetric delamination

buckling
o | Do
Rigid Semi-rigid | Flexible
a’h=2.5 0.7089 0.5925 0.5501 0.5165
P ah=>5 0.9069 0.8338 0.7638 0.7287
ah="1.5 0.9564 0.8755 0.8421 0.8220

Note: li=h,=h=04,E,=E,=1

6.4 Parametric study
A parametric study of the effects of delamination length ratio, the shear deformation,
and interface compliance using the three joint deformation models is conducted in this

section.
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6.4.1 Effect of delamination length ratio

The effect of delamination length ratios (a/h;) on three joint models is implemented
by comparing the solutions with the increase of the delamination length. Two beam
specimen with a delamination length symmetric to its center line are analyzed in this
section: one is the specimen with the material properties of £y = E>, =1, v, =0,=0.3, h; =
0.2 and A, = 2 to study the sub-layer delamination buckling; and the other is with the
material properties of £y = E> = 1, 01 = 02= 0.3, hy = h, = h = 0.4 to study symmetric
delamination buckling. The delamination length ratio (a/h,) is chosen from 1.5 to 50 for
sub-layer delamination buckling; and 1.5 to 30 for symmetric delamination buckling.

As the length of the delamination increases (i.e., a/h; — o), the prediction by all the
three joint models asymptotically converge to the same one (see Fig. 6.10 for sub-layer
delamination buckling; Fig. 6.11 for symmetric delamination buckling). As a/h; is
smaller (within the range of a/h; < 20), the effect of local deformation is more

pronounced.
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Fig. 6.10 Effect of delamination length ratios on sub-layer delamination buckling
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Fig. 6.11 Effect of delamination length ratios on symmetric delamination

buckling
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The effective length ratio 2 (Eq. (79b)) represents the ratio of 7 /a over 4, and it can

be treated as the ratio of the effective length (a.;) obtained from the respective joint

deformation model over the effective length (a). Since the effective length of the rigid
joint model is a,;, = a leading to x, =1, the effective length ratios obtained based on the
semi-rigid joint model () and flexile joint model (4, ) are always larger than 1 (Fig.

6.12 for sub-layer delamination buckling; and Fig. 6.13 for symmetric delamination
buckling). With the increase of delamination length ratio (i.e., a/h; — o), the predictions

by all the semi-rigid and flexible joint models asymptotically decrease to u, =1.
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Fig. 6.12 Effective length ratio vs. delamination length ratios (sub-layer

delamination buckling)
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Fig. 6.13 Effective length ratio vs. delamination length ratios (symmetric

delamination buckling)

6.4.2 Effect of shear deformation

The effect of shear deformation on the local delamination buckling by three joint
models is implemented by comparing the solutions between isotropic and orthotropic
materials. Two beam specimen with a delamination length symmetric to its center line
are analyzed in this section: one is the specimen with the material properties of £, = E; =
1, 01 =0,=0.3, h; = 0.2 and A, = 2 to study the sub-layer delamination buckling; and the
other is with the material properties of £, = E» = 1, 01 =0,=03, hy =h, =h =04 to
study symmetric delamination buckling. The shear modulus of orthotropic material in
the calculation is obtained by reducing the shear modulus of the isotropic materials by 10

times. Figs. 6.14 and 6.15 show that the shear effect has the significant influence on the
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results when the beam is relatively short. Among the three joint models, the influence of
the shear deformation on the delamination buckling by the rigid model is the most severe,

while the effect is reduced for the flexible model.

1.0 A
0.8 A
0.6 A
‘S ; i Isotopic clamped joint model
) N // . S
i A B Isotopic semi-rigid joint model
0.4 5// .// —————— Isotopic flexible joint model
[ //'./ ——— - Orthotropic clamped joint model
//'/3/ — — —  Orthotropic semi-rigid joint model
0.2 /// ——————— Orthotropic flexible joint model
//
/
0.0 T T T T T
0 5 10 15 20 25 30

a/hl

Fig. 6.14 Shear effect on sub-layer delamination buckling
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0.0 A /
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Fig. 6.15 Shear effect on symmetric delamination buckling
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Fig. 6.16 Shear effect on sub-layer delamination buckling with different
delamination length ratios
To further investigate the shear effect on the solution of three joint deformation
models, the beam specimen with the material properties of £y = E>, =1, v, =0,=0.3, h; =
0.2 and 4, = 2 for sub-layer delamination buckling and £, = E, =1, 01 =0,=0.3, h) = h,
= h = 0.4 for symmetric delamination buckling with different delamination ratios (a/h; =

3, 10 and 30) are analyzed. The ratio of the longitudinal stiffness E,, to the shear

E
modulus G, starts from isotropy (G _ = ——"—) to orthotropy by reducing the shear

2(1+v.)

205



modulus of the isotropic materials step by step. As shown in Figs. 6.16 and 6.17, the

shear effect is more pronounced for the beam with short delamination length than the one

with long delamination length.

1.0

0.8

06 ..

P)

0.4

0.2 A1

0.0 T T T

—
—_

— —
P

EXX/GXZ

Rigid joint model a/h = 30
Semi-rigid joint model a/h = 30
Flexible joint model a/h = 30
Rigid joint model a/h = 10
Semi-rigid joint model a/h =10
Flexible joint model a/h =10
Rigid joint model a/h =3
Semi-rigid joint model a/h =3
Flexible joint model a/h =3

20

Fig. 6.17 Shear effect on symmetric delamination buckling with different

delamination length ratios

6.4.3 Influence of interface compliance

In the flexible joint model, the two interface compliance coefficients C,; and Cj; are

introduced to account for the contribution of interface stresses (i.e., peel and shear
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stresses) to the interface deformation. When the interface compliance coefficients
approach zero, it converges to the semi-rigid model (Eq. (6.51)). The beam specimens
with a delamination length symmetric to its center line with the material properties of E;
=E,=1,v;=0v,=0.3, h) = 0.2 and A, = 2 for sub-layer delamination buckling and E; =
E,=1,0,=0v2=0.3, hy = h, = h = 0.4 for symmetric delamination buckling are analyzed.
The delamination length ratio (a/h;) is 10. Figs. 6.18 and 6.19 show the delamination
buckling solution obtained based on the flexible joint model approaches to that of the

semi-rigid joint model by reducing the two interface compliance coefficients C,; and Cj;

to zero.
1.0
\ Semi-rigid joint model

0.8 - N e Flexible joint model

i 0.6
0.4 A
0.2 T T T

0.0 0.5 1.0 1.5 2.0

EC(C,=C,)

ni

Fig. 6.18 Delamination buckling load vs. interface compliance coefficients (sub-layer

delamination buckling)
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6.5 Concluding remarks

The local delamination buckling analysis of laminated composite beams is presented
in this chapter. The analytical solution for local delamination buckling is derived based
on three distinct bi-layer beam theories (i.e., conventional composite beam theory, shear
deformable bi-layer beam theory, and interface deformable bi-layer beam theory)
representing three improving degrees of accuracy by accounting for the local deformation
at the delamination tip. In the conventional composite beam theory, the section at the
delamination tip deforms as one composite section, leading to a rigid joint and thus an
overestimated local delamination buckling load. In the shear deformable bi-layer beam

theory (Wang and Qiao 2004a), the relative rotation of two sub-layers at the delamination
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tip is allowed, resulting in a semi-rigid joint and an improved prediction of local
delamination buckling load. Finally, in the interface deformable bi-layer beam theory
(Qiao and Wang 2004), the relatively horizontal and vertical displacements at the
delamination tip are included by introducing the interface compliance coefficients, which
is similar to the concept of sub-layer beam on an elastic foundation, and it more mimics
the real scenario at the delamination tip in the laminated structures (e.g., fiber bridging
effect). The concept of the effective length is introduced as well, and with inclusion of
the delamination tip deformation, the effective length of the buckled sub-layer is
correspondingly increased. A numerical finite element modeling is conducted to validate
the analytical solution, and it demonstrates that the prediction of local delamination
buckling load by the flexible joint model is closer to the finite element results. It is also
noted that the local deformation is more pronounced as the length of the delamination
becomes shorter, in which a more accurate model, such as the flexible joint, is needed.
The improved solutions based on the semi-rigid and flexible joint models can be used to
better predict the local delamination buckling of laminated composite structures and
provide a viable and effective tool compared to numerical and other high-order

beam/plate models.
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CHAPTER SEVEN

CONCLUSIONS AND RECOMMENDATIONS

The goal of this dissertation aims to develop explicit buckling formulas for fiber-
reinforced plastic (FRP) composite structures, so that design analysis and optimization of
such the structures can be greatly facilitated. = A comprehensive study on stability
analyses (i.e., global (flexural-torsional) buckling, local buckling, and delamination
buckling) of FRP composite structures is presented. The stability of various FRP
structures (i.e., plates, structural shapes, and sandwich cores) is investigated by a
combined analytical, numerical and experimental study. Major findings and conclusions

are presented in this chapter, followed by recommendations for future work.

7.1 Conclusions
7.1.1 Global (Flexural-torsional) buckling of thin-walled FRP beams

A combined analytical, numerical and experimental study for the flexural-torsional
buckling of pultruded FRP composite cantilever I- and open channel section beams is
studied. The second variational problem and total potential energy of the thin-walled
beams based on nonlinear plate theory is derived, and the shear effects and beam
bending-twisting coupling are considered in the analysis. The stress resultants and
displacement fields of flexural-torsional buckling for I- and open channel section beams
considering bending and torsion are provided. For the stress resultants of I- and open

channel section beams, when a tip vertical load acts through the shear center (e.g., double
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symmetry [- section beams), only the bending of the beam occurs; whereas for the tip
load acting away from the shear center (e.g., single symmetry open channel section
beams), both the torsion and bending of the beam are developed, from which the stress
resultants consist of two parts: one is related to the bending effect of the vertical load P
acting at the shear center, and the other is the torsional effect caused by the torque of Pz
on the cross-section.

The analytical eigenvalue solutions for the cantilever I- and open channel section
beams are obtained, respectively, using the transcendental function. An experimental
study of four different geometries of FRP cantilever I- section beams and three open
channel beams is performed, and the critical buckling loads for different span lengths are
obtained. Good agreements among the analytical solutions, experimental tests and
numerical finite element predictions are obtained for both of I- and open section beams.
A parametric study on the effects of the load location through the shear center across the
height of the cross-section, fiber orientation, and fiber volume fraction on buckling
behavior of the open channel section beams is presented. The explicit analytical
formulations of global (flexural-torsional) buckling of FRP cantilever I- and open
channel section beams shed light on the global buckling behavior and can be employed in

optimal design of FRP beams.

7.1.2 Local buckling of rotationally restrained plates and FRP structural shapes
A variational formulation of the Ritz method is used to establish an eigenvalue

problem for the local buckling behavior of composite plates rotationally restrained along
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its four edges (the RRRR plate) and subjected to general biaxial linear loading, and the
explicit solutions in term of the rotational restraint stiftness (k. and k,) are presented. By
considering the rotationally restrained conditions along the four edges, the unique
combination of weighted sine and cosine functions is used to obtain the explicit solution
of the orthotropic plates rotationally restrained along their four edges. By properly

choosing the weight constants @, and , , the novel displacement function provides a

unique approach to derive the explicit solution and at the same time account for the
elastic restraining effect along the edges.

The explicit solution for the plate rotationally restrained along the four edges is
simplified to seven special cases (i.e., the SSSS, SSCC, CCSS, CCCC, SSRR, RRSS,
CCRR, and RRCC plates) based on the different edge restraining conditions (e.g., simply-
supported (S), clamped (C), or rotationally restrained (R)). The solutions for the plates
rotationally restrained along the four edges under uniaxial longitudinal compression are
also available by simplifying the loading condition. The explicit local buckling solutions
are validated with the exact transcendental solution for two special cases of the SSRR and
RRSS plates. A parametric study is conducted to evaluate the influences of the loading
ratio (a), the rotational restraint stiffness (k), the aspect ratio (y), and the flexural-
orthotropy parameters (apr and fogr) on the local buckling stress resultants of various
rotationally-restrained plates, and they shed light on better design for local buckling of
composite plates with different rotationally restrained boundary conditions.

The explicit equations of orthotropic plates in terms of the rotational restraint stiffness

coefficient (k) can be applied to predict the local buckling strength of various FRP
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structural shapes. As an application, the explicit local buckling solution of rotationally
restrained plates is adopted in the discrete plate analysis of two typical composite
structures, i.e., the thin-walled FRP structural shapes and honeycomb cores in
sandwiches. The results indicate that the present plate solution could be effectively
applied to predict the local buckling strength of FRP structural shapes and flat core walls
between the face sheets in sandwich structures, and the predictions are in close agreement
with the finite element and experimental results, thus further demonstrating the
applicability and validity of the explicit solutions. A guideline for explicit local buckling
design and resistance improvement of FRP structural shapes is provided.

Due to the excellent agreements with the exact transcendental solution of the local
buckling solution of orthotropic plates and the validity in applications to FRP shapes and
honeycomb cores in sandwich structures, the presented explicit formulas can be used
with confidence to predict the local buckling strength of rotationally restrained plates and
applied effectively in the discrete plate analysis to evaluate the local buckling of different

composite structures.

7.1.3 Local delamination buckling of laminated composite beams

The local delamination buckling analysis of laminated composite beams is conducted,
and the analytical solution is derived based on three different bi-layer beam theories (i.e.,
conventional composite beam theory, shear deformable bi-layer beam theory, and

interface deformable bi-layer beam theory), resulting in three improving accuracy of joint
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deformation models (i.e., rigid joint model, semi-rigid joint model, and flexible joint
model).

The delamination buckling analysis obtained by the semi-rigid joint and flexible joint
models provides better predictions than the rigid joint model, in comparison the
numerical finite element simulation. Due to introduction of local deformation in the
semi-rigid joint (i.e., the relative rotations between two sub-layers) and flexible joint (i.e.,
the fully deformable field) models at the delamination tips, the derived formulas by the
shear deformable and interface deformable bi-layer beam theories provide improved
solutions for local delamination buckling of laminated beams. The effect of shear
deformation to the local delamination buckling is evaluated, and both the length and
material orthotropy show pronounced influence to the delamination buckling strength.
The delamination buckling analysis of the laminated composite beams using the
improved semi-rigid and flexible deformation joint models achieves accurate predictions
which are closer to the real scenarios and thus avoids the need of the numerical finite
element modeling and other high order plate/beam theory in delamination buckling

computation.

7.2 Recommendations for future work

Though extensive study on global and local buckling for FRP structural shapes and
local delamination buckling of laminated composite beams is presented, there is still a
need to develop more generic formulations for stability of FRP composite structures.

The following recommendations are provided for future endeavors:
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Only some special cases (e.g., cantilever FPR I- and channel sections) are studied,
and their explicit flexural-torsional buckling formulas are derived. More generic
solutions for various FRP structural shapes with different loading and boundary
conditions should be further developed.

. A comprehensive study on local buckling of rotationally restrained orthotropic
plates primarily under uniform bi-axial loading is provided. More detailed study
on the explicit local buckling solution of restrained plates under linear and other
types of loads (e.g., shear) as well as their limitations should be investigated.

Only the rotational restraint at the plate edges is considered in the study. The
horizontal and vertical extensional restraints at the plate edges should be further
integrated in the explicit solution.

Local delamination buckling analysis of laminated composite beams using three
joint deformation models is presented, and their extension to delamination
buckling of laminated composite plates should be explored.

Due to similar nature and analytical strategy between structural stability and
dynamics, dynamics of delaminated composite beams could be treated in a similar

fashion using the three joint deformation models.
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APPENDIX



Appendix A. Shear stress resultant due to a torque in open channel section

The shear flow of an open channel beam (see the sectional geometry in Fig. A.1)

caused by a torque Pz can be calculated from the equilibrium equations (see Fig. A.2).

|y v
¢
‘ z
Pz ! S b,
sheat | |centroid b
center t
]
by |

Fig. A.1 Geometric parameters of open channel section
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Fig. A.2 Shear flow in open channel section subjected to a torque Pz
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For the calculation convenience, we separate the shear flow caused by torque in an

open channel section into two parts ¢' and ¢°(see Fig. A.2). The in-plane shear stress

resultants (or shear flows) N’ in the top flange and N . In the web are hereby derived as

an example.

The equilibrium equations of vertical loads and moment in part ¢' are

DF, =qyb, #0 (A1)

2 3Pz
M.=0;, Zq,b,b, =Pz=q, = A2
Z C 3 qB f“w qB Zb/bw ( )

Based on Eq. (A.2) and considering the parabolic distribution of the shear flow in the top
flange (Fig. A.2 (@)), the in-plane shear stress resultant is expressed as

2 2
z' z' 3Pz z' z' ,
q' =q}9 2__(_J = 2-—(—} Ostbf (A.3)

b./ ' b/ ' Zb./ ' bw b./ ' b./ '

For a thin-walled structure, the shear flow (i.e., the shear stress resultant in this study)

can be obtained from

s
_ Y
q=—"[ydd (A4)

z A

Because in the web panel, the shear flow ¢' (the constant flow on the web in Fig. A.2
(a)), which is accumulated from g}, cannot be balanced in the vertical direction of the
equilibrium equation (see Eq.(A.1)); thus ¢° (see Fig. A.2 (b)) is added in order to

maintain the equilibrium. In Fig. A.2 (), a channel section under an equivalent vertical
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shear load of ¢b, is studied, and the applied shear load is used to balance the

unequilibrium shear flow on the web in Fig. A.2 (a).

At point B and generic local point z', the shear flows caused by the balancing shear

load gb,, are,

\b, b

g2 = %bfzf - atPoint B (A.5)
\b, b

q° =q‘;—wz'tf?W 0<2'<b, (A.6)

Applying the superposition principle, the in-plane shear stress resultants in the flange

caused by the torque are obtained as

. 3Pz b2bt,
N™) =qg' —g* = ) at Point B A7
W2 =g a3 =, 2= 0-=570) (A7)

2
» ' ' blz't,
NI =g —g? = 2 2i—£i] -2 L 0<z'<h, (A.8)

Xz f
2b,b,| b, \b, ) 2L

The value of the in-plane shear stress resultant N in the bottom flange is the same

as that of the top flange, but in the opposite direction.

Similarly, for the in-plane shear stress resultant in the web panel N, the shear flow

of part ¢' and part ¢° at an arbitrary point are, respectively,
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3Pz

wl
N by (A9)
f“w
gt (b Y
NWZ — 2_|_ BZw"w “w 4,2
Xy qB 212 {( 2 j y :|
1.2 2
qpb.bt 2ot (b,
B lef — %21 K?} _yz} (A.10)

3Pz b\
= 2 Ip bt || 2| =2
4bffz{“'” Wl(zj y]}

The total in-plane shear flow in the web panel caused by torque Pz then becomes

N =N - N2 (A.11)
b 2
L R bobt, +1,| 2] -y (A.12)
" 2b,b, 4b,I. 2
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Appendix B. Compliance matrix in f flexible joint model

Case (a) £R|, £R,, and £R; (Qiao and Wang 2004)

Sy = | Sy Gy S| (B.1a)
Ci\R, R, R,
S, :L ;S +CZiS2 +03iS3 ’ (B.1b)
Dl Rl R2 R3
T T. S T.
S, = 5 e, + S b ey | ey, |, (B.1c)
DIRI BIRI D1R2 Ble D1R3 BIR3
S, :L(&_Fﬁ_i_&} (B.1d)
CZ Rl R2 R3
S., :_L S, n €3S, " Sy | b +h Ci G G ’ (B.1¢)
D, R, R, R, 2D, \ R, R, R,
h, +h, h, +h, hy +h,
—+3, — 4+, —=+8S,
Se =— 2 —+ d c,; + 2 —+ 4! C,y + 2 —+ L Cs; (B.1f)
D,R, B,R, D,R, B,R, D,R; B,R,
where i =1,2,3,
; R; —R; 2R,R
SIZ_R_1+Z, , == 2 3+Q,S3: 2 3’
bK, ¢ K, & EK

h h
I, =-R,S, _lea T, =-R,S, - RS, _?le’ T, =-RS, +R,S, —%R3.

Case (b) £R; and £R; £ iR3 (Qiao and Wang 2004)
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R R
R AV i T L W (B.2a)
Ci\R, R;+R; R;+R;

(B.2b)
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Case (c) Symmetry case (D, =D,=D, C,=C,=C, B,=B,=B, hy=h,=h, and

$=0)
1 (¢,
S.o=—| - B.3a
li C(](l] ( )
5, =] G2 Gy O (B.3b)
D\ k  k, K
1 1{c.S ¢, cs
Sy=——||S+= ey +ey +oy |——| 2+ 2+, B.3c
3i B (( j 1i 2i 3i J D ( klz k22 k32 J ( )
1{ ¢,
Sy =——-"1| B.3d
4i C(klj ( )
1 cll(S—l—Zj
SSl i CZi +0i s (B3e)
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